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ABSTRACT  
Progressive damage analysis of structures is still a major challenge. Peridynamics is a non-local 
theory using the integral equations rather than differential equations which makes it suitable for 
damage prediction. In this study, a novel bond based peridynamic model is developed for three-
dimensional complex beam structures with 6 degrees of freedom based on Timoshenko beam 
theory. The numerical algorithm for dealing with complex beam structures is provided for the first 
time in the peridynamic literature. A damage criterion for beam structures with 6 degrees of 
freedom is also presented. The validity of peridynamic predictions is established by considering 
various examples. Initially, the proposed peridynamic model is used to predict the structural 
behavior of straight and curved beams. Next, the proposed peridynamic model is used to 
investigate a jacket platform. The jacket platform is subjected to both static and dynamic sea load 
induced by waves, winds, and currents. The peridynamic predictions are verified by comparing 
with finite element solutions. Peridynamic damage prediction for a pre-notched beam is verified 
by comparing with the previous literature. After verifying the peridynamic model, the proposed 
model is used to predict damages for a jacket platform due to sea loads and due to ship-jacket 
platform collisions. 
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1. Introduction 
Marine structures can experience damages although they are initially designed with high safety 
factors. These damages can be caused by many reasons such as collisions, groundings, explosions, 
corrosion, fatigue, overloading, etc. Predicting crack initiation and propagation is a challenging 
work that requires much effort. The equations in classical continuum mechanics are derived by 
using spatial derivatives. Therefore, traditional approaches face conceptual and mathematical 
difficulties in terms of predicting crack nucleation and growth, especially for multiple crack paths. 
This difficulty can be overcome by using peridynamics (PD) which is first introduced by Silling 
(2000). PD theory is based on integro-differential equations which are valid in both continuous 
and discontinuous models. Therefore, it is suitable to predict damages on structures such as crack 
propagation and multiple crack growths (Javili et al.,2018). 
 
Peridynamics is applicable in both elastic and plastic material responses (Foster et al., 2010, 
Mitchell, 2011, Madenci and Oterkus, 2016a, 2017). Moreover, it can also be used to analyze 
composite and polycrystalline materials (Oterkus, 2010, Oterkus and Madenci, 2012, Hu et al., 
2012, Gao and Oterkus, 2018, 2019, De Meo et al, 2016). Another advantage of peridynamics is 
that it can be applied for multiphysics (Oterkus,2015, Han et al.,2015, Madenci and Oterkus, 
2016b, Oterkus et al.,2017) and multiscale modelling (Askari et al., 2008, Bobaru and Ha, 2011) 
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PD can also be either combined with finite element analysis (FEA) (Kilic and Madenci, 2010b, 
Oterkus et al., 2012, Liu and Hong, 2012, Bie et al., 2018) or implemented in FEA framework 
(Macek and Silling, 2007, Han et al.,2016, Diyaroglu et al.,2017b, Yang et al., 2018). 
 
Computational modeling of engineering structures in a three-dimensional (3D) fashion is usually 
computationally expensive. When analyzing complex structures, structural simplification can be 
used to reduce the computational cost. Thus, it is also essential to consider simplified peridynamic 
structural models. The first peridynamic model capturing tension and compression for 1D bars is 
introduced by Silling et al. (2003). Later, O’Grady and Foster (2014) introduced a non-ordinary 
state based PD model for Euler-Bernoulli beam by including transverse displacements but 
disregarding the transverse shear deformations. In order to include transverse shear deformations, 
Diyaroglu et al. (2015) introduced a bond based PD model based on Timoshenko beam theory 
which is applicable to both thin and moderately thick beams. The PD beam model provided by 
Diyaroglu et al. (2015) has two degrees of freedom which are transverse displacement and rotation. 
Moreover, Diyaroglu et al. (2017a) developed an ordinary state based PD model for Euler-
Bernoulli beams. Recently, Yang et al. (2018) presented the implementation of PD beam and plate 
formulations in FEA framework.  
 
It is obvious that a general beam has six degrees of freedom (DOF), three translational 
displacements, and three rotations. Moreover, beam structures in the real world often include many 
beams joined together, and each beam can be straight or curved. Therefore, this study focuses on 
developing six degrees of freedom PD beam model for complex beam type structures which are 
composed of straight and curved beams. 
 
This paper is organized as follows. Section 2 describes the beam kinematics and strain energy 
density (SED) in classical continuum mechanics for beam structures. Section 3 provides PD 
formulation of SED, PD constants and PD equation of motion for beam structures. Section 4 
describes the transformation of equation of motion from local to global coordinate system. Section 
5 provides the damage criteria for beam structures based on critical energy release rate. Section 6 
presents the numerical procedure for PD modelling of beam structures. In Section 7, static and 
dynamic analyses of the frame with straight beams, curved beam, and jacket platform are presented 
and the proposed PD model is first used to predict damage in a pre-notched beam then for a jacket 
platform. Finally, our conclusions are provided in Section 8.  
2. Beam kinematics in classical continuum mechanics 
In this section, first stress-strain relations for beam structures are obtained. Next, the strain energy 
density is established based on small deformation assumption. According to Timoshenko beam 
theory, it is assumed that plane cross-section remains plane after the deformation, but it does not 
have to remain normal to the neutral axis (Bathe, 2006). The Timoshenko beam has six degrees of 
freedom (Timoshenko et al., 1970); three displacements ( ), ,u v w  and three cross-sectional 
rotations ( ), ,x y zθ θ θ  as shown in Fig. 1.  
The displacement components of a material point can be defined as (Bathe, 2006) 
ˆ( , , ) ( ) ( ) ( )y zu x y z u x z x y xθ θ= + −  (1a) 
ˆ( , , ) ( ) ( )xv x y z v x z xθ= −  (1b) 
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ˆ( , , ) ( ) ( )xw x y z w x y xθ= +  (1c) 
where x  represents the beam’s longitudinal axis which is located at the centreline of the beam and  
uˆ , vˆ , wˆ  represent the displacement components at the centreline of the beam. 
 
 
Fig. 1. Beam configuration with 6 DOFs  
 
By using the displacement components defined in Eq. (1), the linear strain components of the beam 
can be calculated as 
, , , ,ˆxx x x y x z xu u z yε θ θ= = + −  (2a) 
, , , ,ˆxy y x x z x xu v v zγ θ θ= + = − −  (2b) 
, , , ,ˆxz z x x y x xu w w yγ θ θ= + = + +  (2c) 
0yy zz yzε ε γ= = =  (2d) 
Based on small deformation assumption in linear elasticity, Cauchy stress components can be 
directly calculated from linear strain components as (Bathe, 2006) 
( ), , ,ˆxx xx x y x z xE E u z yσ ε θ θ= = + −  (3a) 
( ), ,ˆxy xy x z x xG G v zσ γ θ θ= = − −  (3b) 
( ), ,ˆxz xz x y x xG G w yσ γ θ θ= = + +  (3c) 
0yy zz yzσ σ σ= = =  (3d) 
where E  represents the elastic modulus and G represents the shear modulus. The strain energy per 
unit length of the beam can be calculated as 
2 2 2
1 22 2 2xx xy xzA
E G GU dA U Uε γ γ⎡ ⎤= + + = +⎢ ⎥⎣ ⎦∫  (4a) 
with 
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2
1 2 xxA
EU dAε= ∫  (4b) 
2 2
2 2 xy xzA
GU dAγ γ⎡ ⎤= +⎣ ⎦∫  (4c) 
where A  represents the cross-sectional area of the beam. 
Utilizing strain definition given in Eq. (2), the strain energy per unit length of the beam given in 
Eq. (4) can be rewritten as  
( ) ( )2 2 2 2 21 , , , , , , , ,ˆ ˆ. . 2 . 2 . .2 x y x z x y x z x x y x z xA
EU u z y yz u z y dAθ θ θ θ θ θ⎡ ⎤= + + − + −⎣ ⎦∫  (5a) 
( ) ( ) ( )
( ) ( )( )
22 2 2 2
, , ,
2
, , ,
ˆ ˆ
2 ˆ ˆ2 2
x z x y x x
A
x y x z x x
v w z yGU dA
y w z v
θ θ θ
θ θ θ
⎡ ⎤⎡ ⎤− + + + +⎢ ⎥⎢ ⎥⎣ ⎦= ⎢ ⎥
+ + − −⎢ ⎥⎣ ⎦
∫  (5b) 
By considering the beam with a symmetric cross-section, the area moment of inertia and the first 
moment of area are obtained as 
2 2;  ;  0yy zz yzA A AI z dA I y dA I yzdA= = = =∫ ∫ ∫  (6a) 
0;  0y zA AS zdA S ydA= = = =∫ ∫  (6b) 
By utilizing relations given in Eq. (6), strain energy per unit length can be written as 
( )2 2 21 , , ,ˆ . .2 2x yy y x zz z x
EA EU u I Iθ θ= + +  (7a) 
( ) ( ) ( )22 2 2 22 , , ,ˆ ˆ2 2x z x y x xA
GA GU v w z y dAθ θ θ⎡ ⎤ ⎡ ⎤= − + + + +⎢ ⎥ ⎣ ⎦⎣ ⎦ ∫  (7b) 
By adding the shear correction factor, sk  (Stephen, 1981), and replacing ( )2 2A z y dA+∫  by 
torsional constant, tk  (Boresi et al., 1985), Eq. (7b)  becomes  
( ) ( )22 22 , , ,ˆ ˆ2 2
s t
x z x y x x
k GA k GU v wθ θ θ⎡ ⎤= − + + +⎢ ⎥⎣ ⎦  (8) 
By substituting Eq. (7a), (8) into Eq. (4a) the strain energy per unit length of the beam can be 
written as  
( ) ( ) ( )222 2 2 2, , , , , ,ˆ ˆ ˆ. .2 2 2 2
s t
x yy y x zz z x x z x y x x
k GA k GEA EU u I I v wθ θ θ θ θ⎡ ⎤= + + + − + + +⎢ ⎥⎣ ⎦  (9) 
The strain energy density can be defined as 
( ) ( ) ( )222 2 2 2, , , , , ,ˆ ˆ ˆ. .2 2 2 2
s t
x yy y x zz z x x z x y x x
k G k GU E EW u I I v w
A A A
θ θ θ θ θ⎡ ⎤= = + + + − + + +⎢ ⎥⎣ ⎦
 (10) 
The strain energy density can also be decomposed into its axial, bending, shear and torsional 
components as 
axial bending shear torsionalW W W W W= + + +  (11a) 
where 
2
,ˆ2axial x
EW u=  (11b) 
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( )2 2, ,2bending yy y x zz z x
EW I I
A
θ θ= +  (11c) 
( ) ( )22, ,ˆ ˆ2
s
shear x z x y
k GW v wθ θ⎡ ⎤= − + +⎢ ⎥⎣ ⎦  (11d) 
2
,2
t
torsional x x
k GW
A
θ=  (11e) 
3. Beam kinematics in peridynamics 
Peridynamics is a new formulation of continuum theory which uses integro-differential equations. 
The peridynamic equation of motion for a material point is introduced by Silling (2000) and later 
generalized by Silling et al. (2007) as 
( )
x
x( ) ( , ) ( , , ) ( , , ) ( , )
H
t t t dH tρ ′ ′ ′ ′ ′= − − − − − +∫x u x t u u x x t u u x x b x  (12a) 
which can also be represented in discrete form as 
( )( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )
1
( , , ) ( , , )
N
k k k j j k j k j k k j k j j k
j
t t Vρ
=
= − − − − − +∑u t u u x x t u u x x b   (12b) 
where ρ  represents the mass density, u  represents the displacement vector and b  represents the 
body force vector. In peridynamics, each material point has interactions with other material points 
within a distance which is called horizon size,δ  as shown in Fig. 2.  Material points within the 
horizon are called family members of material point k . In Eq. (12b) , N  represents the number of 
family members of material point k , j  represents the family member material point k , ( )( )k jt  
represents the force density that material point j exerts on material point k , and ( )( )j kt   represents 
the force density that material point k  exerts on point j . 
 
Fig. 2. PD material points and horizon size for a beam 
As explained by Madenci and Oterkus (2014), the equation of motion can also be derived based 
on the principle of virtual work by satisfying the Lagrange’s equation. Therefore, in Section 3.1, 
first, a PD form of strain energy is established and the PD constants are obtained by comparing 
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SED in PD and classical continuum mechanics. After obtaining the Lagrangian function from 
kinetic energy and total potential energy, the equation of motion for the beam is obtained by using 
the Euler-Lagrange equation in Section 3.2. 
 
3.1. Strain energy density 
Similar to the SED in classical continuum mechanics provided in Eq. (11a), the SED for a beam 
in PD can also be represented as 
( ) ( ) ( ) ( ) ( )
PD PD PD PD PD
k axial k bending k shear k torsional kW W W W W= + + +  (13) 
Peridynamic form of axial part of SED was introduced by Diyaroglu (2016) as 
2
( ) ( )
( ) ( )
1
1 1
2 2
N
j kPD
axial k ax j
j
u u
W C Vξ
ξ=
−⎛ ⎞
= ⎜ ⎟
⎝ ⎠
∑  (14a) 
In which, the bond constant axC  is defined as (Diyaroglu, 2016) 
2
2
ax
EC
Aδ
=  (14b) 
Here, ( )ku  and ( )ju  represent the axial displacement of material point  k and j, respectively. The 
parameter ξ  represents the distance between two material points k  and j . 
Peridynamic form of bending part of SED in Eq. (13) can be expressed as 
2 2
( ) ( ) ( ) ( )
( ) ( )
1
1 1
2 2
N
y j y k z j z kPD
bending k by bz j
j
W C C V
θ θ θ θ
ξ
ξ ξ=
⎡ ⎤− −⎛ ⎞ ⎛ ⎞
= +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
∑  (15) 
where byC  and bzC  represent the bending bond constants which can be determined as follows. 
First, the rotational angles of material point j  is expressed by using the first two terms in Taylor’s 
series expansion as 
( ) ( ) ( ), ( ) ( )( )y j y k y k x j kx xθ θ θ= + −  (16a) 
( ) ( ) ( ), ( ) ( )( )z j z k z k x j kx xθ θ θ= + −  (16b) 
or  
( )( ) ( ) ( ), ( ) ( )sgny j y k y k x j kx xθ θ θξ
−
= −  (16c) 
( )( ) ( ) ( ), ( ) ( )sgnz j z k z k x j kx xθ θ θξ
−
= −  (16d) 
with 
( ) ( ) ( )( ) ( )sgn j kj k x xx x ξ
−
− =  (16e) 
By using the relations in Eq.(16), the PD form of bending part of SED in Eq. (15) can be written 
as 
( )( ) ( )( )2 2( ) , ( ) ( ) , ( ) ( ) ( )
1
1 1 sgn sgn
2 2
N
PD
bending k by y x j k bz y x j k j
j
W C x x C x x Vθ θ ξ
=
⎡ ⎤= − + −⎢ ⎥⎣ ⎦∑  (17a) 
or 
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( ) ( )2 2( ) , , ( )
1
1 1
2 2
N
PD
bending k by y x bz y x j
j
W C C Vθ θ ξ
=
⎡ ⎤= +⎢ ⎥⎣ ⎦∑  (17b) 
Next, bending strain energy density given in Eq. (17b) can be rewritten in the integral form by 
disregarding the peridynamic interactions beyond the horizon as 
( ) ( ) ( )2 2, ,
0
12
4
PD
bending by y x bz y xW x A C C d
δ
θ θ ξ ξ⎡ ⎤= +⎢ ⎥⎣ ⎦∫  (18) 
After performing the integrations in Eq. (18), the strain energy density for bending part becomes  
( ) 2 2 2, ,
1
4
PD
bending by y x bz z xW x A C Cδ θ θ⎡ ⎤= +⎣ ⎦  (19) 
By comparing SED given in Eq. (19) and Eq. (11c), the PD constants for bending can be 
determined as 
2 2
2 yy
by
EI
C
A δ
=  (20a) 
2 2
2 zz
bz
EIC
A δ
=  (20b) 
Peridynamic form of shear part of SED in Eq. (13) can be expressed as 
( )
( )
2
( ) ( ) ( ) ( )
( ) ( )
( ) ( )2
1 ( ) ( ) ( ) ( )
( ) ( )
sgn
21 1
2 2
sgn
2
j k z j z k
j kN
PD
shear k s j
j j k y j y k
j k
v v
x x
W C V
w w
x x
θ θ
ξ
ξ
θ θ
ξ
=
⎡ ⎤− +⎛ ⎞
− −⎢ ⎥⎜ ⎟
⎢ ⎥⎝ ⎠= ⎢ ⎥
− +⎛ ⎞⎢ ⎥+ − +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
∑  (21) 
where sC  represents the shear bond constant which can be determined as follows.  
First, similar to the bending part, the explicit expression of shear SED in Eq. (21) can be written 
in integral form as 
( ) ( )22( ) , ,
0
12
4
PD
shear k s x z x yW AC v w d
δ
θ θ ξ ξ⎡ ⎤= − + +⎢ ⎥⎣ ⎦∫  (22) 
Next, by performing integrations in Eq. (22), the peridynamic form of shear part of SED can be 
rewritten as 
( ) ( )222 , ,14
PD
s s x z x yW A C v wδ θ θ⎡ ⎤= − + +⎢ ⎥⎣ ⎦  (23) 
By comparing Eq. (23) and Eq. (11d), the PD constant for shear part of SED can be defined as 
2
2 s
s
k GC
Aδ
=  (24) 
Peridynamic form of torsional part of SED in Eq. (13) can be explicitly expressed according to 
Diyaroglu (2016) as  
2
( ) ( )
( ) ( )
1
1 1
2 2
x j x kPD
torsional k t j
j
W C V
θ θ
ξ
ξ=
−⎛ ⎞
= ⎜ ⎟
⎝ ⎠
∑  (25a) 
In which, the torsional bond constant tC  can be defined as (Diyaroglu, 2016) 
2 2
2 t
t
k GC
A δ
=  (25b) 
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3.2. Equations of motion 
The equations of motion for a beam can be achieved by using the Euler-Lagrange equation 
(Madenci and Oterkus, 2014). The Euler-Lagrange equation can be written as 
0
i i
d L L
dt q q
⎛ ⎞∂ ∂− =⎜ ⎟∂ ∂⎝ ⎠
 (26) 
where L  represents the Lagrangian, iq  represents the degree of freedom with 
{ }x y zu v w θ θ θ=q  and  iq  represents the time derivative of iq .  
The Lagrangian function for a beam can be expressed as  
L T U= −  (27a) 
with 
2 2 2 2 2 2
( ) ( ) ( ) ( ) ( ) ( ) ( )
12
N
yyxx zz
k k k x k y k z k k
k
II IT u v w V
A A A
ρ θ θ θ
=
⎛ ⎞
= + + + + +⎜ ⎟
⎝ ⎠
∑  (27b) 
( ) ( ) ( ) ( ) ( ) ( ) ( )
( )
1 ( ) ( ) ( ) ( ) ( ) ( )
PDN
k x k k y k k z k k
k
k x k x k y k y k z k z k
W b u b v b w
U V
m m mθ θ θ=
⎛ ⎞− − −
= ⎜ ⎟⎜ ⎟− − −⎝ ⎠
∑  (27c) 
where T  represents the total kinetic energy, U  represents the total potential energy, ( )x kb , ( )y kb , 
( )z kb   represent the applied body forces, ( )x km , ( )y km , ( )z km  represent the moment per unit volume 
at material point k. Substituting Lagrangian provided in Eq. (27) into Eq. (26), the peridynamic 
form of the equation of motion for a beam can be obtained as 
( ) ( )
( ) ( ) ( )
1
N
j k
k ax j x k
j
u u
u C V bρ
ξ=
−⎛ ⎞
= +⎜ ⎟
⎝ ⎠
∑  (28a) 
( )( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )
1
sgn
2
N
j k z j z k
k s j k j y k
j
v v
v C x x V b
θ θ
ρ
ξ=
− +⎛ ⎞
= − − +⎜ ⎟
⎝ ⎠
∑  (28b) 
( )( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )
1
sgn
2
N
j k y j y k
k s j k j z k
j
w w
w C x x V b
θ θ
ρ
ξ=
− +⎛ ⎞
= + − +⎜ ⎟
⎝ ⎠
∑  (28c) 
( ) ( )
( ) ( ) ( )
1
N
x j x kxx
x k t j x k
j
I C V m
A
θ θρ θ
ξ=
−⎛ ⎞
= +⎜ ⎟
⎝ ⎠
∑  (28d) 
( )
( ) ( )
( ) ( )
1
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
1
1 sgn
2 2
N
yy y j y k
y k by j
j
N
j k y j y k
s j k j y k
j
I
C V
A
w w
C x x V m
ρ θ θ
θ
ξ
θ θ
ξ
ξ
=
=
−⎛ ⎞
= ⎜ ⎟
⎝ ⎠
− +⎛ ⎞
− − + +⎜ ⎟
⎝ ⎠
∑
∑
 (28e) 
( )
( ) ( )
( ) ( )
1
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
1
1 sgn
2 2
N
z j z kzz
z k bz j
j
N
j k z j z k
s j k j z k
j
I C V
A
v v
C x x V m
θ θρ θ
ξ
θ θ
ξ
ξ
=
=
−⎛ ⎞
= ⎜ ⎟
⎝ ⎠
− +⎛ ⎞
+ − − +⎜ ⎟
⎝ ⎠
∑
∑
 (28f) 
The PD form of the equation of motion given in Eq. (28) can also be written in the vector form as 
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( ) ( ) ( )( ) ( ) ( )
1
N
k k k j j k
j
V
=
= +∑m u f b  (29a) 
where 
( )
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
xx
k
yy
zz
I
A
I
A
I
A
ρ
ρ
ρ
ρ
ρ
ρ
⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦
m ; 
( )
( )
( )
( )
( )
( )
( )
k
k
k
k
x k
y k
z k
u
v
w
θ
θ
θ
⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦
u ; 
( )
( )
( )
( )
( )
( )
( )
x k
y k
z k
k
x k
y k
z k
b
b
b
m
m
m
⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦
b  (29b) 
and 
( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( )
yx z
Tu v w
k j k j k j k j k j k j k jf f f f f f
θθ θ⎡ ⎤= ⎣ ⎦f  (29c) 
with 
( ) ( )
( )( )
j ku
k j ax
u u
f C
ξ
−⎛ ⎞
= ⎜ ⎟
⎝ ⎠
 (29d) 
( )( ) ( ) ( ) ( )( )( ) ( ) ( )sgn2
j k z j z kv
k j s j k
v v
f C x x
θ θ
ξ
− +⎛ ⎞
= − −⎜ ⎟
⎝ ⎠
 (29e) 
( )( ) ( ) ( ) ( )( )( ) ( ) ( )sgn2
j k y j y kw
k j s j k
w w
f C x x
θ θ
ξ
− +⎛ ⎞
= + −⎜ ⎟
⎝ ⎠
 (29f) 
( ) ( )
( )( )
x x j x k
k j tf C
θ θ θ
ξ
−⎛ ⎞
= ⎜ ⎟
⎝ ⎠
 (29g) 
( )( ) ( ) ( ) ( ) ( ) ( )( )( ) ( ) ( )1 sgn2 2
y y j y k j k y j y k
k j by s j k
w w
f C C x xθ
θ θ θ θ
ξ
ξ ξ
− − +⎛ ⎞ ⎛ ⎞
= − − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
 (29h) 
( )( ) ( ) ( ) ( ) ( ) ( )( )( ) ( ) ( )1 sgn2 2
z z j z k j k z j z k
k j bz s j k
v v
f C C x xθ
θ θ θ θ
ξ
ξ ξ
− − +⎛ ⎞ ⎛ ⎞
= + − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
 (29i) 
4. Coordinate systems and transformation of equations of motion 
The equations of motion provided in Eq. (28) are derived in the local coordinate system. However, 
geometrical properties of complex structures are often governed with respect to the global 
coordinate system. Therefore, the equation of motion for each material point needs to be 
transformed from local to global coordinates. In this section, first, the relationship between local 
and global coordinates is provided in Section 4.1. Next, the transformation of equation of motion 
for straight and curved beams are presented in Sections 4.2 and 4.3, respectively.  
4.1. Local and global coordinate systems 
In the global coordinate system, the orientation of each beam is governed by the unit vectors, xn , 
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yn , zn  located at the centreline of the beam as shown in Fig. 3. If the beam is straight, every cross-
section of the beam has same unit vectors. On the other hand, if the beam is curved, the unit vectors 
for each section will be different as shown in Fig. 3. Assuming that the unit vectors of material 
point k  are defined as  
( ) 1( ) 2( ) 3( )
T
x k k k kn a a a⎡ ⎤= ⎣ ⎦  (30a) 
( ) 1( ) 2( ) 3( )
T
y k k k kn b b b⎡ ⎤= ⎣ ⎦  (30b) 
( ) 1( ) 2( ) 3( )
T
z k k k kn c c c⎡ ⎤= ⎣ ⎦  (30c) 
 
 
Fig. 3. Local and global coordinate systems  
 
The relationship between global and local coordinates can be defined as 
( ) 1( ) 2( ) 3( ) ( ) ( )
( ) 1( ) 2( ) 3( ) ( ) ( ) ( )
( ) 1( ) 2( ) 3( ) ( ) ( )
k k k k k k
k k k k k k k
k k k k k k
x a a a x x
y b b b y y
z c c b z z
′ ′⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥′ ′= =⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥′ ′⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦
H  (31a) 
with 
( ) ( ) ( ) ( )
T
k x k y k z kn n n⎡ ⎤= ⎣ ⎦H  (31b) 
 
where ( )kH  represents coordinate transformation matrix of material point k .The transformation 
of displacement vectors can be also defined as 
( ) ( ) ( )k k k′=u T u  (32a) 
with 
( ) ( ) ( ) ( ) ( ) ( ) ( )
T
k k k k x k y k z ku v w θ θ θ⎡ ⎤= ⎣ ⎦u  (32b) 
( ) ( ) ( ) ( ) ( ) ( ) ( )
T
k k k k x k y k z ku v w θ θ θ′ ′ ′′ ′ ′ ′⎡ ⎤= ⎣ ⎦u  (32c) 
where ( )ku  and ( )k′u  are displacement vectors in the local and global coordinate systems, 
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respectively. ( )kT  represents the displacement transformation matrix of material point k . This 
matrix can be obtained from the coordinate transformation matrix, ( )kH , as 
( )
( )
( )
k
k
k
⎡ ⎤
= ⎢ ⎥
⎣ ⎦
H 0
T
0 H
 (33) 
4.2. Transformation of equations of motion for straight beams 
By using the relations given in Eq. (32a), the equations of motion for a beam given in Eq. (29a) 
can be written as 
( ) ( ) ( ) ( )( ) ( ) ( )
1
N
k k k k j j k
j
V
=
′ = +∑m T u f b  (34) 
Multiplying both sides by ( )
T
kT  results in 
( ) ( ) ( ) ( )( ) ( ) ( )
1
N
T
k k k k j j k
j
V
=
⎛ ⎞
′ ′ = +⎜ ⎟
⎝ ⎠
∑m u T f b  (35) 
As a result, the equation of motion in global coordinates becomes 
( ) ( ) ( )( ) ( ) ( )
1
N
k k k j j k
j
V
=
′ ′ ′ ′= +∑m u f b  (36) 
where 
( )( ) ( ) ( )( )
T
k j k k j′ =f T f  (37) 
( ) ( ) ( )
T
k k k′ =b T b  (38) 
( ) ( ) ( ) ( )
T
k k k k′ =m T m T  (39) 
Note that ( )( ) ( )sgn j kx x−  in Eq. (17c) can be calculated in global coordinates by using Eq. (31) as 
( ) ( ) ( )1( ) ( ) 2( ) ( ) 3( ) ( ) 1( ) ( ) 2( ) ( ) 3( ) ( )( ) ( )sgn j j j j j j k k k k k kj k
a x a y a z a x a y a z
x x
ξ
′ ′ ′ ′ ′ ′+ + − + +
− =  (40) 
4.3. Transformation of equations of motion for curved beams 
The equations of motion for a curved beam can be obtained by modifying Eq. (35) with a new 
transformation matrix as 
( ) ( ) ( )( ) ( )( ) ( ) ( )
1
N
T
k k k j k j j k
j
V
=
⎛ ⎞
′ ′ = +⎜ ⎟
⎝ ⎠
∑m u T f b  (41a) 
with 
( ) ( )( ) ( ) ( )( )
T
k k j k k j′ =m T m T  (41b) 
where the new transformation matrix can be defined as 
( )( )
( )( )
( )( )
k j
k j
k j
⎡ ⎤
= ⎢ ⎥
⎣ ⎦
H 0
T
0 H
 (41c) 
with 
( )( ) ( )( ) ( )( ) ( )( )
T
k j x k j y k j z k jn n n⎡ ⎤= ⎣ ⎦H  (41d) 
where ( )( )x k jn , ( )( )y k jn , ( )( )z k jn can be represented as 
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( )
( )
( ) ( )
( )( )
( ) ( )
x k x j
x k j
x k x j
n n
n
n n
+
=
+
 (41e) 
( )
( )
( ) ( )
( )( )
( ) ( )
y k y j
y k j
y k y j
n n
n
n n
+
=
+
 (41f) 
( )
( )
( ) ( )
( )( )
( ) ( )
z k z j
z k j
z k z j
n n
n
n n
+
=
+
 (41g) 
5. Damage prediction in peridynamics 
A damage process in peridynamics is introduced through the elimination of interactions between 
material points. When the interaction between two material points is broken, the force densities 
between these points are irreversibly removed, and it leads to crack growth. Considering an 
interaction between material points k  and j , the state of interaction can be represented by a 
function,  ( )( )k jµ  which is introduced by Silling and Askari (2005) as 
( )( )( ) ( ) ( ) 1  if interaction exists,, 0  if interaction is brokenk j j k tµ
⎧
− = ⎨
⎩
x x  (42) 
Therefore, the PD equation of motion given in Eq. (36) can be written as 
( ) ( ) ( )( ) ( )( ) ( ) ( )
1
N
k k k j k j j k
j
Vµ
=
′ ′ ′ ′= +∑m u f b  (43) 
The local damage, ( )( ) ,k tϕ x , which is the ratio of eliminated interactions to the total number of 
interactions associated with a material point within its horizon can be represented as (Silling and 
Askari, 2005) 
( ) ( )( )( ) ( ) ( ) ( )( )
( )
,
, 1
k j j k jH
k
jH
t dV
t
dV
µ
ϕ
−
= − ∫
∫
x x
x  (44) 
The value of the local damage is between 0 and 1, in which 0ϕ =  represents no damage at the 
material point, and 1ϕ =  represents all interactions of that material point with others within its 
horizon are eliminated. Moreover, 0.5ϕ =  represents half of the interactions are eliminated with 
the related material point. 
 
The damage criteria for each interaction can be represented by either critical bond stretch (Silling, 
2000) or critical energy release rate (Madenci and Oterkus, 2016, 2017). In this study, the damage 
criteria based on the critical energy release rate is chosen. The critical energy release rate, cg , for 
one interaction can be obtained by the relation suggested by Madenci and Oterkus (2016,2017) as 
c
c
c
Gg
N
=  (45) 
where cG  represents the critical energy release rate for a material, and cN  represents the total 
number of interactions passing through a unit crack surface, A . This number can be defined by 
counting the interactions passing through a unit crack surface. As shown in Fig. 4, there are 
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12cN =  interactions passing through the crack surface.  
 
Fig. 4. Counting number of interaction passing through the crack surface A  
 
The damage criteria in peridynamics for a beam can be described as 
( )( ) ( )( )
( )( ) ( )( )
interaction exists: 1
interaction is broken: 0
k j c k j
k j c k j
g g
g g
µ
µ
< → =
≥ → =
 (46) 
where ( )( )k jg represents the energy release rate for interaction between material points k  and j
which can be calculated as 
( )( )( ) ( )( ) ( )( )12k j k j j kg g g= +  (47a) 
with  
( )( ) ( )( ) ( ) ( )
1
k j k j k jg V VA
= Φ  (47b) 
( )( ) ( )( ) ( ) ( )
1
j k j k j kg V VA
= Φ  (47c) 
where ( )( )k jΦ and ( )( )j kΦ  represent micropotentials of the interaction between material point k  and 
j . By applying the same idea introduced by Madenci and Oterkus (2016, 2017), the micropotential 
( )( )k jΦ  for one interaction can be calculated as 
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( )( ) ( )( ) ( )( )
( )( )
( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( )
( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( )0 0 0
( )( ) ( )( )0
         
          + 
yx z
u v w
k j k j k j
k j x x
u v w
k j k j k j k j k j k j k j
s s su u v v w w
k j k j k j k j k j k j
s
k j k j
t ds t ds t ds
t ds
θθ θ
θ θ
ξ ξ ξ
ξ
Φ =Φ +Φ +Φ +Φ +Φ +Φ
= + +∫ ∫ ∫
( )( ) ( )( )
( )( ) ( )( ) ( )( ) ( )( )0 0
yx z
k j k jy y z z
s s
k j k j k j k jt ds t ds
θθ θ
θ θ θ θξ ξ+ +∫ ∫ ∫
 (48) 
As shown in Fig. 5, the micropotential ( )( )k jΦ  given in Eq. (48) can be simplified for linear analysis 
as  
( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( )
( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( )
1 1 1
2 2 2
1 1 1          + 
2 2 2
y yx x z z
u u v v w w
k j k j k j k j k j k j k j
k j k j k j k j k j k j
t s t s t s
t s t s t sθ θθ θ θ θ
ξ ξ ξ
ξ ξ ξ
Φ = + +
+ +
 (49a) 
where  
( ) ( )
( )( )
j ku
k j
u u
s
ξ
−
= , ( )( ) ( )( )
1
2
u u
k j k jt f=  (49b) 
( ) ( )
( )( )
j kv
k j
v v
s
ξ
−
= , ( )( ) ( )( )
1
2
v v
k j k jt f=  (49c) 
( ) ( )
( )( )
j kw
k j
w w
s
ξ
−
= , ( )( ) ( )( )
1
2
w w
k j k jt f=  (49d) 
( ) ( )
( )( )
x x j x k
k js
θ θ θ
ξ
−
= , ( )( ) ( )( )
1
2
x x
k j k jt f
θ θ=  (49e) 
( ) ( )
( )( )
y y j y k
k js
θ θ θ
ξ
−
= , ( )( ) ( )( )
1
2
y y
k j k jt f
θ θ=  (49f) 
( ) ( )
( )( )
z z j z k
k js
θ θ θ
ξ
−
= , ( )( ) ( )( )
1
2
z z
k j k jt f
θ θ=  (49g) 
with ( )( )
u
k jf , ( )( )
v
k jf , ( )( )
w
k jf , ( )( )xk jf
θ , ( )( )yk jf
θ , ( )( )zk jf
θ  can be calculated by using Eq. (29). 
 
Fig. 5. A linear relationship between bond stretch and force density 
6. Numerical procedure 
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The PD equation of motion can be solved by using a meshless scheme. The domain is divided into 
a uniform grid, with material points associated with specific volumes. The time integration can be 
achieved through an explicit scheme using the adaptive dynamic relaxation method described by 
Kilic and Madenci (2010) (See Appendix C). The numerical procedure is shown in Fig. 6. 
  
16 
 
 
Fig. 6. Numerical procedure  
17 
 
6.1. Model discretization 
Fig. 7 demonstrates the model discretization for pin joined beam structures. As shown in Fig. 7, 
three beams A, B, and C are joined together at one point. In order to generate material points for 
this structure, each beam is firstly discretized into material points. After the discretization, for the 
points that share the same location such as points ( )Ai , ( )Bk , ( )Cj as shown in Fig. 7, only one 
material point is kept, the other points are removed. Point ( , , )A B Ck  in Fig. 7 represents the joint 
point for three beams. 
 
 
Fig. 7. The connection of beams at joint points 
 
6.2. Geometrical and material properties at the joint points 
It is considered that the family members for a joint point ( , , )A B Ck  in Fig. 7 includes the material 
points from all three beams. If material point ( , , )A B Ck  interacts with material points in beam A, the 
material properties and geometrical parameters of material point ( , , )A B Ck are set same as beam A. 
On the other hand, if material point ( , , )A B Ck  interacts with material points in beam B, the material 
properties and geometrical parameters of material point ( , , )A B Ck are set same as beam B. 
7. Numerical results 
For verification purposes, the proposed PD model is first compared with finite element solutions. 
In section 7.1, the PD prediction for static problems are compared with ANSYS commercial 
software by using BEAM188 element. Next, in section 7.2, the PD prediction for a dynamic 
problem are compared with Sesam GeniE software provided by DNV GL. Sesam GeniE is a tool 
that is used for structural analyses of offshore and marine structures with environmental loading 
calculations including sea and wind loads. 
The beams are made of steel material with Young’s modulus 11 22 10 N/mE = ×  , shear modulus 
11 21 10 N/mG = × , and mass density 27850  kg/mρ = . For static solutions, an explicit scheme is 
used by implementing adaptive dynamic relaxation method (Kilic and Madenci, 2010), 
(Underwood, 1983). 
7.1. Static analyses 
This section presents static analyses of beam type structures in peridynamics. The PD results are 
verified by comparing with ANSYS solutions. The PD predictions for a 2D frame with straight 
beams, a curved beam and a jacket platform subjected to concentrated loads are presented. In all 
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these examples, the weight of the structure is ignored. 
 
7.1.1 2D frame with straight beams subjected to a constant concentrated load 
In order to verify the developed PD model for straight beams, a 2D frame subjected to point load 
is investigated. The steel frame consists of two beams as shown in Fig. 8. The frame is subjected 
to a concentrated force 63 10 NzF ′ = − ×  at  ( ), ,0L L  and it is clamped at both ends. Both beams 
have the same length  1mL =  and same square cross-section, 20.1 0.1mA = × .  
 
In the peridynamic model, both beams are discretized with uniform 200 integration points. In order 
to implement the fixed ends of the frame, three fictitious points (Oterkus and Madenci, 2015, 2017) 
are added at both ends and all the displacement and rotation components of these fictitious points 
are set equal to zero. In Fig. 8b, red points represent the material points in the real region, on the 
other hand, black points represent the material points in the fictitious region. In the FEA model, 
each beam is meshed with 200 elements.  
 
                       (a)                                                                                (b) 
Fig. 8. 2D frame subjected to concentrated load (a) geometry, (b) PD discretization  
Due to the small deformation assumption, the beams have three nonzero DOFs. These are 
transverse displacement w′ , rotation xθ ′  and yθ ′ . Figs. 9-11 represent the displacement variations 
along each beam in the deformed configuration. As can be seen the figures, PD results agree very 
well with the FEA results which shows the accuracy of the developed PD model for straight beams. 
 
 
                       (a)                                                                                (b) 
Fig. 9. Variation of displacement w′  in deformed configuration (a) PD, (b) FEA 
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                       (a)                                                                                (b) 
Fig. 10. Variation of xθ ′  in deformed configuration (a) PD, (b) FEA 
 
 
                       (a)                                                                                (b) 
Fig. 11. Variation of yθ ′  in deformed configuration (a) PD, (b) FEA 
7.1.2 Curved beam subjected to a constant concentrated load 
In order to verify the developed PD model for curved beams, a semi-circular beam of radius R
subjected to point load is investigated as shown in Fig.12. The semi-circular beam is clamped at 
both ends and it is subjected to static loading 81 10  NyF ′ = − ×  and 
62 10  NzF ′ = − × . The semi-
circular beam has a radius of 0.5 mR =  and square cross-section as 0.1 mb h= = .  
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                       (a)                                                                                (b) 
Fig. 12. Semi-circular beam subjects to concentrated load (a) geometry, (b) PD discretization 
 
In the peridynamic model, the beam is discretized with uniform 500 integration points. In the FEA 
model, the beam is meshed with 500 elements. In order to implement the fixed ends of the frame, 
three fictitious points are added at both ends and all the displacement and rotation components of 
these fictitious points are set equal to zero. As shown in Fig. 12b, red points represent the material 
points in the real region, and black points represent the material points in the fictitious region.  
 
Figs.13-14 represent the deformed shape of the beam and displacement and rotation variations 
along the semi-circular beam, respectively. It can be seen from Fig. 13 that the deformed shape of 
the beam predicted by PD agrees very well with the FEA solutions. It is also observed that all 6 
DOFs of the beam predicted by PD and FEA have a very good agreement as shown in Fig. 14. 
 
Fig. 13. The deformed and un-deformed shape of the beam 
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(a) (b) 
  
(c) (d) 
  
(e) (f) 
Fig. 14. Variation of (a) u′ , (b) v′ , (c) w′ , (d) xθ ′ , (e) yθ ′ , (f) zθ ′ along the beam length 
 
7.1.3 Jacket platform subjected to a constant concentrated load 
After verifying the developed PD model for the simple frame and curved beam, the accuracy of 
the PD model is tested for a jacket platform which consists of 28 beam type structures and 16 
joints. For this purpose, a 27 m high jacket platform is modeled as shown in Fig. 15. The jacket 
platform has the following dimensions; 1 9 mz′ = , 2 18 mz′ = , 3 27 mz′ = , 1 2 12 mL L= = , 
3 4 4 mL L= = . The jacket platform is fixed on 4 legs at the location of 0z′ =  and subjected to 
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concentrated loading 72 10 NyF ′ = ×  at ( )3 4 32, 2,L L z′−  and ( )3 4 32, 2,L L z′− − . Each beam 
component of the jacket platform has a hollow circular cross-section. Four main legs, shown in 
red, have an outer diameter 0.6 m  and inner diameter 0.576 m , the other beams, shown in blue, 
have an outer diameter 0.4 m , and the inner diameter 0.384 m .  
 
                       (a)                                                                                (b) 
Fig. 15. Jacket platform (a) geometry, (b) beam numbers and joint points 
 
In the PD model, beam 1, 2, 3, 4 (shown in red) are discretized into 300 material points, and other 
beams (shown in blue) are discretized into 100 material points. Similarly, for the ANSYS model, 
beam 1, 2, 3, 4 are meshed with 300 elements, and other beams are meshed with 100 elements.  
 
Similar to the previous examples, in order to apply boundary conditions, three fictitious material 
points are added for beam 1, 2, 3, 4, 25, 26, 27, and 28 on the center line of each beam, a long 
negative z′  direction, and all DOF of these fictitious points are set equal to zero.  
 
Shown in Figs. 16-21 is the variation of 6 DOFs of the jacket platform in the deformed shape in 
the global coordinates. The results obtained from the PD analysis match very well with those in 
FEA.  
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                       (a)                                                                                (b) 
Fig. 16. Displacement u′  in deformed configuration (a): PD analysis, (b): FEA 
 
  
 
                       (a)                                                                                (b) 
Fig. 17. Displacement v′  in deformed configuration (a): PD analysis, (b): FEA 
 
24 
 
 
                       (a)                                                                                (b) 
Fig. 18. Displacement w′  in deformed configuration (a): PD analysis, (b): FEA 
 
 
                       (a)                                                                                (b) 
Fig. 19. Rotational angle xθ ′  in deformed configuration (a): PD analysis, (b): FEA 
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                       (a)                                                                                (b) 
Fig. 20. Rotational angle yθ ′  in deformed configuration (a): PD analysis, (b): FEA 
 
 
                       (a)                                                                                (b) 
Fig. 21. Rotational angle zθ ′  in deformed configuration (a): PD analysis, (b): FEA 
7.2. Transient analysis: jacket platform subjected to sea loads 
In this example, the jacket platform is further investigated in a dynamic loading condition due to 
sea loads including wave, wind, and current. The environmental loads are calculated in the same 
PD framework. The sea loads are calculated based on linear wave theory and Morison’s equation 
as described in Appendix A and B by assuming that the structure is fixed and undeformed (Veritas, 
1993). The structure’s own weight and the buoyancy are also considered as described in Appendix 
B. In order to verify the calculated sea loads and their effects on the jacket platform Sesam GeniE 
is used.  
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Fig. 22. Jacket platform is subjected to sea load 
 
As shown in Fig. 22, the jacket platform is subjected to sea environment with water depth 
20 md = , wave height 10 mH = , and wave period 30 sT = . The environment is assumed as 
shallow water (Andersen et al., 2014) and the corresponding wavelength is calculated from Eq. 
(A.10) as 420 mL =  which results in / 0.0476d L = . Since / 0.05d L < , shallow water 
assumption is validated. 
 
The wind mean velocity is considered as ( ) 25 m/swindV =  at a reference height 0 10 mH = , the 
gust factor 1.5f = , and the height exponent 0.16P =  (see appendix B4 for descriptions of these 
parameters).  The current profile is described in Fig. 22. The wind, wave, and current are assumed 
to be in the x′  direction. In addition, the jacket is subjected to a loading 50 20 10  NG = × in the 
negative z′  direction which represents the weight of the superstructure as shown in Fig. 23. The 
wind load on superstructure is calculated by simplifying the superstructure as a rigid cube with the 
dimensions of 10 m 10 m 10 m× ×  in x′ , y′ , and z′  directions, respectively.  
 
The underwater part of each beam is applied loads induced by wave, current, and buoyancy. The 
above water part of each beam is subjected to wind force. The weight of the structure is also 
included as described in Appendix B1. The wind load acting on the platform is calculated by using 
Morison’s equation described in Appendix B4. For the wind load calculation, it is assumed that 
only left part of the superstructure is exposed to wind load. The distributed wind load is calculated 
by assuming uniform mesh on the superstructure. Next, the wind force, ( )( )wind if  and the 
corresponding location, ( )wind ih  of each element with respect to the top part of the jacket platform 
is calculated. Thus, the total wind force, windF  and its location windh  , which are shown in Fig. 23, 
is obtained as  
( )( )
1
sN
wind wind i
i=
=∑F f  (50a) 
( ) ( )( )
1
( )( )
1
s
s
N
wind i wind i
i
wind N
wind i
i
h
h =
=
=
∑
∑
f
f
 (50b) 
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where sN  represents the total number of mesh on the superstructure. The weight and wind load 
acting on the jacket platform due to superstructure are distributed to four joints of the jacket 
platform as shown in Fig. 23.  
 
 
Fig. 23. Weight and wind load acting on the jacket platform due to the superstructure 
 
Figs. 24-29 represent the variation of displacements and rotations of the jacket platform at different 
times. It can be seen that PD analysis and FEA using Sesam GeniE show a very good agreement 
of all 6 DOFs at all considered time points.  
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Fig. 24. Variation of displacement u′  in PD (left), Sesam GeniE (right) at (a) 0t = , (b) 
2 / 6t T= , and (c) 4 / 6t T=  (displacements are magnified by 200 for the deformed 
configurations) 
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Fig. 25. Variation of displacement v′  in PD (left), Sesam GeniE (right) at (a) 0t = , (b) 
2 / 6t T= , and (c) 4 / 6t T=  (displacements are magnified by 200 for the deformed 
configurations) 
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Fig. 26. Variation of displacement w′  in PD (left), Sesam GeniE (right) at (a) 0t = , (b) 
2 / 6t T= , and (c) 4 / 6t T=  (displacements are magnified by 200 for the deformed 
configurations) 
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Fig. 27. Variation of displacement xθ ′  in PD (left), Sesam GeniE (right) at (a) 0t = , (b) 
2 / 6t T= , and (c) 4 / 6t T=  (displacements are magnified by 200 for the deformed 
configurations) 
 
 
32 
 
 
 
Fig. 28. Variation of displacement yθ ′  in PD (left), Sesam GeniE (right) at (a) 0t = , (b) 
2 / 6t T= , and (c) 4 / 6t T=  (displacements are magnified by 200 for the deformed 
configurations) 
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Fig. 29. Variation of displacement zθ ′  in PD (left), Sesam GeniE (right) at (a) 0t = , (b) 
2 / 6t T= , and (c) 4 / 6t T=  (displacements are magnified by 200 for the deformed 
configurations) 
 
7.3. Damage prediction for pre-notched beam subjected to transversely displacement 
After verifying the developed PD model, this example is to predict damage on a pre-notched beam 
subjected to transversely displacements. As shown in Fig. 30, the beam has length of 325 mmL =  
has an initial notch at the middle. The beam has rectangular cross-section with 20 mmb =  and 
6 mmh = . The notch height and length are 2 mm and 3 mm, respectively. The middle section of 
the beam is applied incremental displacements by using a striking mass as shown in Fig. 30. The 
beams are made of steel material with Young’s modulus 11 22 10 N/mE = ×  , shear modulus 
11 21 10 N/mG = × , mass density 27850  kg/mρ = , and the critical energy release rate is 
2720 J/mcG = . 
In PD model, the beam is discretised into 3250 material points. In order to represent the initial 
notch, the cross-sectional properties of material points between / 2 1.5 / 2 1.5 mmL x L− ≤ ≤ +  are 
defined as 20 mmb =  and 2 4 mmh = .  
In order to apply boundary condition, an incremental transverse displacement at the middle point 
of the beam is applied as 
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8( / 2, ) 10 mw x L t t−= = − ×  (51) 
As described in Section 5 for damage prediction, if the energy release rate of an interaction 
between two material points exceeds the critical value, the interaction is irreversibly removed. 
 
Fig. 30. Pre-notched beam specimen (dimensions are in millimetres) 
 
Fig. 31(a, b) represent the variation of damage coefficient, ϕ  for the deformed configuration of 
the beam obtained by PD. Fig. 31(c) represents the shape of deformed configuration and the 
damage obtained by an experiment (Villavicencio and Soares, 2012). As shown in Fig. 31(b), the 
beam is completely split when the displacement of the middle point reaches 
4( / 2) 2.5 10 mw L −= − × . It can also be seen that the damage location and the deformed shape of 
the beam captured by the developed PD model agree very well with experimental result.  
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Fig. 31. Damage coefficient ϕ  in deformed configuration when (a) 4( / 2) 2.4 10 mw L −= − × , (b) 
4( / 2) 2.5 10 mw L −= − × , (c) experiment (Villavicencio and Soares, 2012) 
7.4. Damage prediction for jacket platform subjected to sea loads 
After verifying the developed PD model for transient analysis of jacket platform, damage 
prediction for jacket platform subjected to sea loads is investigated. In this example, the jacket 
platform described in Section 7.1.3 has an initial damage at 4 13.5mz′ =  as shown in Fig. 32 and it 
is subjected to sea loads. The sea loads and material properties are described in Section 7.2. The 
critical energy release rate is 2720 J/mcG = .  
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Fig. 32. Initial damaged jacket platform and the sea condition 
 
Figs. 33-37 represent the variation of damage coefficient ϕ  on the jacket platform at different 
times. For visualization, the damaged positions are zoomed out.  In Figs. 33-37, P5 – P16 represent 
joint point numbers as described in Fig. 15b.  It is observed that the structure is damaged around 
joint points P5 to P12 after 1.875 seconds which causes discontinuities between beams as shown 
in Fig. 33. The damage positions remain the same after 15 seconds but the gap between 
discontinuities become larger as shown in Figs. 34-35. After 28.125 seconds, the structure is also 
damaged around joint points P3 and P16 as shown in Fig. 37. As it can be observed from the figure, 
the structure is mostly damaged due to applied loading. In conclusion, the damage starts and 
develops around joint positions. Therefore, the structure needs to be strengthened at these positions 
in order to minimize the occurrence of damage. 
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Fig. 33. Damage coefficient ϕ  in deformed configuration at 1.875 st =  
 
 
Fig. 34. Damage coefficient ϕ  in deformed configuration at 7.5 st =  
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Fig. 35. Damage coefficient ϕ  in deformed configuration at 15 st =  
 
 
 
Fig. 36. Damage coefficient ϕ  in deformed configuration at 20.625 st =  
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Fig. 37. Damage coefficient  ϕ  in deformed configuration at 28.125 st =   
7.5. Damage prediction for jacket platform subjected to ship collision 
In this example, the jacket platform subjected to ship collision is investigated. The ship is 
considered as a rigid body, moving with a constant velocity of 0 30 m/sv =  in x′  direction. It is 
assumed that the collision is in between the front part of the ship and the jacket platform. Therefore, 
only the front part of the ship is modeled as shown in Fig. 38. The geometrical and material 
properties of the jacket platform are the same as in Section 7.2. The structure does not have any 
initial damage, but it is hit by the ship at 0t = . The critical energy release rate of the material is 
2720 J/mcG = .  
 
Fig. 38 presents the extent of damage due to contact between ship and the jacket platform. As the 
ship moves to the left, the ship growingly collides with the jacket platform causing the increase of 
damage region on jacket platform. As shown in Fig. 38, the deformed shape of the contact region 
on the jacket platform is also associated with the shape of the contact region on the ship body. 
After 0.15 seconds, the ship with the velocity of 0 30 m/sv =  moves 0.45 m and breaks the jacket 
platform on contact regions.  
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(a) 
 
(b) 
 
(c) 
 
(d) 
 
(e) 
 
(f) 
Fig. 38. Damage coefficient ϕ  in deformed configuration at  (a) 0t = , (b) 0.03 st = , (c) 
0.06 st = , (d) 0.09 st = , (e) 0.12 st = , (f) 0.15 st =  
8. Concluding remarks 
This study provides a novel PD approach for dealing with complex beam structures. For this 
purpose, a bond based PD beam model with 6 degrees of freedom is developed. The developed 
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PD model is tested with various beam structures including straight and curved beams. The 
numerical procedure for investigating complex beam structures is also introduced for the first time 
in the PD literature. The results from PD analyses in both static and transient analyses have good 
agreement with those in FEA solutions. Damage criteria for beam model based on critical energy 
release rate are provided for damage predictions. The developed PD model is used to predict the 
damage for a pre-notched beam subjected to transverse displacements, a jacket platform subjected 
to sea load as well as ship-offshore jacket platform collision. The developed PD model can be used 
for any type of beam structures to predict possible damages that may occur during the operation 
process. 
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Appendix A. Linear wave theory  
Wave theories can be classified into two families which are “small amplitude wave theories” and 
“long wave theories” (Le Mehaute, 1969). The small amplitude wave theories are the linearized 
theories of the first categories of power series (Mader, 2004). The long wave theories use non-
linear long wave equations. Wave theories also depend on the wave height, wave length, wave 
period, and water depth as described by Le Mehaute (1969). In this study, for simplification, the 
linear wave (airy) theory is used.  
A.1 Wave surface 
According to linear wave theory (Veritas, 1993) wave surface is sinusoidal as represented in Fig. 
A.1. The wave elevation at any point on the wave surface can be represented as 
( ) ( ), coss w st A tω′ ′= ⋅ −η x k x  (A.1) 
where wA  represents the wave amplitude which is equal to half of the wave height , k  represents 
two-dimensional wave number, ω  represents the wave angular frequency, t  represents the time 
and s′x  represents a point on the wave surface which can be written as 
1 2. .s s sx y′ ′ ′= +x i i  (A.2) 
Two-dimensional wave number, k  can be represented in terms of direction of wave propagation,  
β  as 
( )1 2cos sink β β= +k i i  (A.3) 
where k   represents the absolute value of wave number which can be calculated from wave length, 
L  as 
2k
L
π=  (A.4) 
Wave angular frequency, ω  can be calculated from wave period, T , by using following relation 
2
T
πω =  (A.5) 
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Fig. A1. Periodic wave surface 
A.2 Deep water kinematics  
When / 0.5d L > , the environment is considered as deep water (Andersen et al., 2014). The wave 
length can be calculated as (Guo, 2002) 
( )2.4908 1/2.49082
2
1 x
dL
x e
π
−
−
=
−
 (A.6) 
where /x d gdω= ,  and g  represents gravitational acceleration. 
The undisturbed fluid velocity can be calculated as (Veritas, 1993) 
( )  ( ) 1  ( ) 2  ( ) 3v v vwave x wave y wave z wave′ ′ ′′ = + +v i i i  (A.7a) 
with 
( )( )
( ) ( ) ( )
cosh
v cos cos
sinhx wave w s
k z d
A t
kd
ω β ω′
′+
′= ⋅ −k x  (A.7b) 
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( )( )
( ) ( ) ( )
cosh
v sin cos
sinhy wave w s
k z d
A t
kd
ω β ω′
′+
′= ⋅ −k x  (A.7c) 
( )( )
( ) ( )
sinh
v sin
sinhz w s
k z d
A t
kd
ω ω′
′+
′= ⋅ −k x  (A.7d) 
The undisturbed fluid acceleration can be calculated as (Veritas, 1993) 
( )  ( ) 1  ( ) 2  ( ) 3a a awave x wave y wave z wave′ ′ ′′ = + +a i i i  (A.8a) 
with 
( )( )
( ) ( )
2
 ( )
cosh
a cos sin
sinhx wave w s
k z d
A t
kd
ω β ω′
′+
′= ⋅ −k x  (A.8b) 
( )( )
( ) ( )
2
 ( )
cosh
a sin sin
sinhy wave w s
k z d
A t
kd
ω β ω′
′+
′= ⋅ −k x  (A.8c) 
( )( )
( ) ( )
2 sinha cos
sinhz w s
k z d
A t
kd
ω ω′
′+
′= − ⋅ −k x  (A.8d) 
The horizontal velocity can be calculated as (Veritas, 1993) 
 ( )  ( ) 1  ( ) 2v vh wave x wave y wave′ ′′ = +v i i  (A.9) 
Note that above the still water, the velocity distribution at the wave crest can be assumed equal to 
the water velocity at the still water level as shown in Fig. A2 (Faltinsen, 1993). 
 
 
Fig. A2. Velocity distribution at wave crest and wave trough 
A.3 Shallow water kinematics 
When / 1/ 20d L < , the environment is considered as shallow water (Le Mehaute et al., 1969) and 
the wave length and the absolute wave number can be defined as (Andersen et al., 2014) 
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L T gd=  (A.10) 
For shallow water ( ) 0k z d′+ →  and 0kd → , therefore ( )( )cosh 1k z d′+ → , 
( )( ) ( )sinh k z d k z d′ ′+ → + , and ( )sinh kd kd→ .  
Therefore, the fluid velocity given in Eq. (A.7) reduces to 
( )( )
1v cos cosx wave sA tkd
ω β ω′ ′= −kx  (A.11a) 
( )( )
1v sin cosy wave sA tkd
ω β ω′ ′= −kx  (A.11b) 
( )( )v sinz wave s
z dA t
d
ω ω′
′+ ′= −kx  (A.11c) 
The fluid acceleration given in Eq. (A.8) reduces to 
( )2( )
1a cos sinx wave sA tkd
ω β ω′ ′= −kx  (A.12a) 
( )2( )
1a sin siny wave sA tkd
ω β ω′ ′= −kx  (A.12b) 
( )2( )a cosz wave s
z dA t
d
ω ω′
′+ ′= − −kx  (A.12c) 
A.4 Wave combined with current 
The current velocity and acceleration can be defined as 
( ) ( ) 1 ( ) 2 ( ) 3v v vcurrent x current y current z current′ ′ ′′ = + +v i i i  (A.13a) 
( )current′ =a 0  (A.13b) 
The total fluid velocity and acceleration caused by wave and current can be calculated as 
( ) ( ) ( )fluid current wave′ ′ ′= +v v v  (A.14a) 
( ) ( )fluid wave′ ′=a a  (A.14b) 
Appendix B. Loading calculation 
As shown in Fig. B1, the applied load on an offshore beam structure includes gravitational, 
buoyancy, wave, current and wind loads. The beam is discretized into material points. The loading 
acting on each material is summarised as: 
B1. Gravitational loads 
The gravitational force only have a component in the z′−  direction which can be calculated as 
 ( ) ( )gravity k kF g Vρ=  (B.1) 
where ( )kV  represents the volume of material point k , and ρ  represents the mass density of the 
material.  
B2. Buoyancy loads 
The buoyancy forces only have a component in the z′+  direction which can be calculated as 
 ( ) ( ) ( )buoyancy k fluid displaced kF g Vρ=  (B.2) 
where ( )displaced kV  represents the volume of fluid displaced by material point k , and ( )fluidρ  
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represents the mass density of the fluid. Note that in this study 2( ) / 4displaced k outV D dxπ= for each 
material point, where outD  represents outer diameter of the beam. 
 
 
 
 
 
 
Fig. B1. Components of sea loads on a beam structure 
B3. Wave and current loads 
For a beam with diameter smaller than 1/5 of wave length, the sea loads on the beam can be 
calculated by using Morison’s equation (Veritas, 1993). As suggested by Veritas (1993), 
longitudinal component of the sea load can be neglected. Therefore, only load normal to the 
direction of the beam is considered. The distributed force per unit length acting normal to the beam 
direction due to wave and current loads can be represented as 
( ) ( ) ( )( ) ( ) ( ), ( ) ( ), ( ), , ,n fluid k n fluid inertia k n fluid drag kt t t′ ′ ′= +F x F x F x  (B.3) 
where ( ),n fluid inertiaF  represents the inertia force and ( ),n fluid dragF  represents the drag force acting at 
material point k . 
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The inertia force in Eq. (B.3) can be represented as 
( ) ( )
2
( ), ( ) ( ) ( ) ( ), . ,4n fluid inertia k fluid m n fluid k
Dt C tπρ′ ′ ′=F x a x  (B.4) 
where D  represents the diameter of the beam, ( )n fluid′a  represents the fluid acceleration normal to 
the beam centre line and mC  represents the inertia coefficient which is considered as 1.8mC =  
(Faltinsen, 1993). 
The drag force in Eq. (B.3) can be represented as 
( ) ( ) ( )( ), ( ) ( ) ( ) ( ) ( ) ( )1, . , ,2n fluid drag k w d n fluid k n fluid kt DC t tρ′ ′ ′ ′ ′=F x v x v x  (B.5) 
where  ( )n fluid′v  represents the fluid velocity normal to the beam centre line and dC  represents the 
drag coefficient which is considered as 0.7dC =  (Faltinsen, 1993). 
The normal component of velocity and acceleration can be calculated as 
( ) ( ) ( )( )( ) ( ) ( )( ) ( ) ( ) ( ) , ,, , .sin n fluid k x kn fluid k fluid k t nt t α ′ ′′ ′ ′ ′= v xv x v x  (B.6) 
( ) ( ) ( )( )( ) ( ) ( )( ) ( ) ( ) ( ) , ,, , .sin fluid k x kn fluid k fluid k t nt t α ′ ′′ ′ ′ ′= a xa x a x  (B.7) 
where ( )( )( ) ( ) ( ), ,n fluid k x kt nα ′ ′v x  represents the angle between velocity vector  and unit  vector and  
( )( )( ) ( ) ( ), ,fluid k x kt nα ′ ′a x  represents the angle between acceleration vector and unit  vector as shown in Fig. 
B2. 
 
 
Fig. B2. Fluid velocity and acceleration components  
B4. Wind loads 
Similar to wave load only the component of wind force normal to beam direction is considered as 
shown in Fig. B1. The distributed force per unit length acting normal to the beam direction due to 
wind loads can be represented as 
( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1, , ,2n wind k air air n wind k n wind kt DC t tρ′ ′ ′ ′ ′=F x v x v x  (B.8) 
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where ( )airρ  represents the density of air, ( )n wind′v  represents the components of wind velocity 
normal to the beam centre line and ( )airC  represents the air drag coefficient. 
The normal component of wind velocity can be calculated as 
( ) ( ) ( )( )( ) ( ) ( )( ) ( ) ( ) ( ) , ,, , .sin n wind k x kn wind k wind k t nt t α ′ ′′ ′ ′ ′= v xv x v x  (B.9) 
where ( )( )( ) ( ) ( ), ,n wind k x kt nα ′ ′v x  represents the angle between vectors ( )( ) ( ) ,wind k t′ ′v x  and ( )x kn  as shown in 
Fig. B3. 
 
 
Fig. B3. Sketch of an element in a wind field (Veritas, 1993) 
 
Air drag coefficient, ( )airC  can be evaluated based on the Reynolds number of air flow as 
(Veritas, 1993) 
5
10 1.9972 5 5
( )
0.2557 5
1.2 for 0 Re 2.5 10
7.2426 10 / Re for 2.5 10 Re 3.8 10
Re / 51.392 for 3.8 10 Re
airC
< ≤ ×⎧
⎪= × × < ≤ ×⎨
⎪ × <⎩
 (B.10) 
with 
( )( ) ( ) ,
Re
n wind k
a
t D
ν
′ ′
=
v x
 (B.11) 
and aν  represents the viscosity coefficient for air. 
 
In this study, the velocity formulation of wind is defined as (Veritas, 1993) 
( )0( ) ( ) 1 2
0
cos sin
P
wind wind
z zV f
H
θ θ
⎛ ⎞′ ′−′ = +⎜ ⎟
⎝ ⎠
v i i  (B.12) 
where 0H  represents the reference height , ( )windV  represents the mean wind velocity at the reference 
height, f  represents the gust factor , P  represents the height exponent, 0z′  represents the position 
of the still water level and θ  represents the angle of wind direction with the global x′  axis as 
shown in Fig. B3.  Note that in this study position of the sea water level is taken as water depth. 
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The reference height 0H  is defined as the distance from sea water level to the mean wind velocity 
reference level (Veritas, 1993). 
B5. Numerical procedure for loading calculation 
The numerical procedure for loading calculation can be summarised as follows; 
 
(1) Define geometry and other input parameters such as; 
- Structural material properties, water and air properties 
- Wave properties including wave height, H , wave period, T , wave direction, β , water depth, 
d , current velocity profile, ( )current′v  
- Wind properties including mean wind velocity, ( )windV , reference height , 0H , wind direction 
θ , gust factor, f , height exponent, P  
(2) Discretization: The model is discretized into pN  material points. 
(3) Define wave surface: 
- The wave length, L  is calculated by using Eq. (A .6) for deep water, or Eq. (A.10) for   shallow 
water 
- The wave angular frequency, ω , absolute value of wave number, k , two dimensional wave 
number, k , are calculated by using Eq. (A.5), (A.4), and (A.3), respectively. 
- The wave surface is then defined by using Eq. (A1). 
(4) Loop 1: Create a loop over time steps: 0t =  to tN  with time step size dt . 
(4.1) Find the intersection points between the structure and the wave surface to define the part 
of the structure that is above water and below water surface. 
(4.2) Loop 2: Create a loop over the structural material points: 1k =  to pN  
(4.2.1) Determine wave kinematics:  
- For deep water, the components of fluid velocity and acceleration located at the same position 
with material point k  is calculated by using Eq. (A.7) and (A.8), respectively. 
- For shallow water, the fluid velocity and acceleration can be calculated using Eq. (A.11), and 
(A.12), respectively. 
- The horizontal component of fluid velocity is calculated using Eq. (A.9). It is assumed that 
the horizontal component of fluid velocity of points located above SWL is set equal to the value 
of horizontal fluid velocity at SWL as shown in Fig. (A.2). 
(4.2.2) The total fluid velocity and acceleration can be calculated by using Eq. (A.14) 
(4.2.3) Calculate wind velocity using Eq. (B.12) 
(4.2.4) Gravitational loads: calculate gravitational loads using Eq. (B.1) 
(4.2.5) Buoyancy loads: If material point k  is below water surface, the buoyancy load is 
calculated by using Eq. (B.2). Otherwise, there is no buoyancy load. 
(4.2.6) Wave and current loads:  
- The components that normal to the beam direction of fluid velocity and acceleration can be 
calculated by using Eq. (B.6), and (B.7). 
- The force caused by fluid is then calculated by using Eq. (B.3). 
- The force acting on material point, k  due to fluid can be calculated by multiplying  Eq. (B.3) 
by grid size, xΔ . 
(4.2.7) Wind loads:     
- The normal component of wind velocity can be calculated is calculated using Eq. (B.9) 
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- The Reynolds number of air flow is calculated using Eq. (B.11) 
- The air drag coefficient, ( )airC  is calculated by using Eq. (B.10) 
- The wind forces can be calculated by using Eq. (B.8). The wind force acting on current 
material point, k  can be calculated by multiplying  Eq. (B.8) by grid size, xΔ . 
(4.2.8) Go to next material point until loop 2 finishes. 
(4.2.9) Store data of loading at current time t  for all structural material points. 
(4.3) Go to step (4.1) until loop 1 finishes. 
(5) Output loading calculation for each material point at each time step.  
 
 
 
Appendix C. Adaptive Dynamic Relaxation for static and quasi-static solution 
For static and quasi-static problems, the adaptive dynamic relaxation (ADR) can be used (Kilic 
and Madenci, 2010). The mass vector ( )k′m  can be replaced by a mass stable vector ( )k′M , and a 
damping matrix ( )k′C is added into the equation of motion given in Eq. (43) as 
( ) ( ) ( ) ( ) ( )( ) ( )( ) ( ) ( )
1
k k k k k j k j j k
j
Vµ
=
′ ′ ′ ′ ′ ′+ = +∑M u C u f b  (C.1) 
According to Underwood, (1983), the right-hand side of Eq. (C.1) should be real physical values, 
but the left-hand side of Eq. (C.1), which includes mass stable vector and the damping matrix 
which can be chosen arbitrarily to get a converged solution. However, the matrix ( )k′M  is required 
to be a diagonal matrix. A simple way for determination of mass stable vectors in global 
coordinates is described as follows 
( )
( )
( )
( )
( )
( )
( )
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
k
k
k
x k
y k
z k
u
v
w
k
M
M
M
M
M
M
θ
θ
θ
′
′
′
′
′
′
′⎡ ⎤
⎢ ⎥
′⎢ ⎥
⎢ ⎥′⎢ ⎥′ = ⎢ ⎥′⎢ ⎥
⎢ ⎥′
⎢ ⎥
⎢ ⎥′⎣ ⎦
M  (C.2) 
with 
( ) ( ) ( ) ( ) ( ) ( )
max( , , )
k k k k k ku v w u v w
M M M M M M′ ′ ′′ ′ ′= = =  (C.3) 
( ) ( ) ( ) ( ) ( ) ( )
max( , , )
x k y k z k x k y k z k
M M M M M Mθ θ θ θ θ θ′ ′ ′′ ′ ′= = =  (C.4) 
where 
( )ku
M ′′ , ( )kvM ′′ , ( )kwM ′′ , ( )x kMθ ′′ , ( )y kMθ ′′ , ( )z kMθ ′′  represent the components mass stable vector 
corresponding to translational and rotational DOFs in the global coordinates, 
( )ku
M , 
( )kv
M , 
( )kw
M , 
( )x k
Mθ , ( )y kMθ , ( )z kMθ  represent the components of a mass stable vector in the local coordinates. The 
components of the mass stable vector in the local coordinates can be calculated based on PD bond 
constants as 
( )
21
4k
ax
u
dt AC
dx
M δ≥  (C.5) 
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( ) ( )
21
4k kv w
sM
x
dt ACM
d
δ= ≥  (C.6) 
( )
21
4x k
tdt AC
dx
Mθ
δ≥  (C.7) 
( )
21
4y k
bydt AC
dx
Mθ
δ
≥  (C.8) 
( )
21
4z k
bzdt AC
dx
Mθ
δ≥  (C.9) 
where 1dt = represent the time step for quasi-static solution (Underwood, 1983). 
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